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Abstract

The anomalous scaling exponents ¢, of the longitudinal structure functions
S, for homogeneous isotropic turbulence are derived from the Navier—
Stokes equations by using field theoretic methods to develop a low-energy
approximation in which the Kolmogorov theory is shown to act effectively as a
mean field theory. The corrections to the Kolmogorov exponents are expressed
in terms of the anomalous dimensions of the composite operators which occur
in the definition of S,. These are calculated from the anomalous scaling of
the appropriate class of nonlinear Green function, using an uv fixed point of
the renormalization group, which thereby establishes the connection with the
dynamics of the turbulence. The main result is an algebraic expression for ¢,,
which contains no adjustable constants. It is valid at orders n below g, I where
g+« 1s the fixed point coupling constant. This expression is used to calculate
¢, for orders in the range n = 2-10, and the results are shown to be in good
agreement with experimental data, key examples being ¢, = 0.7, {3 = 1 and
g = 1.8.

PACS numbers: 0550, 4727

1. Introduction

The study of homogeneous isotropic turbulence has as its aim the derivation of the statistical
features of small-scale velocity fluctuations at high Reynolds numbers, based on the assumption
that they exhibit universal characteristics independent of the form of the large-scale flow
structures [1-3]. A key quantity of interest is the longitudinal velocity increment, v, — v_,
where vy = vi(x £r/2,y, z, t), the velocity component v; and the separation distance r both
being in the same direction, here the x-axis. An empirical fact is that its nth order moment,
the longitudinal structure function S, (), defined by

Su(r) = ((vy —v)") ey
exhibits multiscaling. That is, the exponent ¢,, defined by the scaling relation
S, () ~ r @)
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is anonlinear function of the order n. This behaviour is not explained by the classical turbulence
theory of Kolmogorov [4] which yields a linear dependence

Kol _ "
b =3 (3)

Moreover, the amount by which ¢, differs from ¢X°!, called the anomaly, has defied attempts
at quantitative explanation [1-3, 5, 6]. The obstacle to progress with the theory is the strong
nonlinearity of the governing Navier—Stokes (NS) equations. In this paper, our aim is to
show how modern statistical field theory can be used to overcome this difficulty and provide
theoretical predictions for ¢,, which agree well with turbulent flow data.

The idea that statistical field theory can be brought to bear on the problem of turbulence is
not itself new. Indeed, interest in describing turbulence in terms of the underlying functional
probability distribution of the velocity field, together with its corresponding generating
functional W, has along history [5,6]. But such work has suffered from the weakness of relying
on conventional perturbation theory to effect closure of the statistical hierarchy, whereas it is
widely believed that a non-perturbative treatment is necessary, because the NS equations lack
a small parameter. Consequently, progress with this approach has been disappointing.

The question is whether we can find a middle course, which avoids the limitations
of conventional perturbation theory, while not demanding an intractable non-perturbative
approach. Here we explore the possibility of formulating a more efficient perturbation
theory by developing a zero-order solution which already accounts for the dominant nonlinear
interactions, in an attempt, as it were, to deplete the effect of the nonlinearity. We shall do
this by adopting a more general quadratic form in W in place of the viscous form which
arises naturally. The modified quadratic form is determined self-consistently from the NS
nonlinearity using the linear response function and the energy equation. In the inertial range,
it leads directly to the Kolmogorov distribution, after allowing for the kinematic effect of the
sweeping of the smaller scales by the larger ones. The difference between these quadratic
forms then appears as a perturbation, which, as we shall see, is not critical, provided that the
force spectrum function is non-zero only at small wavenumbers and yields a finite input power.

Having incorporated the dominant nonlinearities which are responsible for the turbulence
energy cascade into the zero-order solution, what is then lacking is the effect of the fluctuating
dissipation rate, which is the well known defect of the Kolmogorov theory [5]. In this approach,
the perturbation theory is then, in effect, only required to accommodate the residual coupling
associated with these fluctuations, which are directly responsible for the anomalies. The
fact that the anomalies are small, and associated with a weak residual coupling, provides
good reason to expect that a small expansion parameter might emerge, thereby rendering the
problem accessible to perturbation theory, essentially by means of a standard loop-expansion
of the generating functional.

Although the use of the modified quadratic form as an initial approximation would appear
to be an attractive option, providing a sound physical basis for the approximate evaluation
of the generating functional, it poses severe technical problems, the most significant being
the occurrence of divergences at higher orders in perturbation theory, due to the incomplete
representation of the large-scale flow. These divergences are of two types: power divergences
(including power x logarithmic), which are associated with the sweeping, and pure logarithmic
divergences, which describe the cascade process. On the other hand, statistical field theory [7],
provides the mathematical techniques needed to compensate for such divergences, in the
form of the well known processes of resummation and renormalization. In particular,
renormalization [8] provides a procedure whereby the scale invariance in (2) can be recovered
from a divergent theory, yielding the exponents in terms of the anomalous dimensions of the
composite operators appearing in (1), which we can calculate from the appropriate nonlinear
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Green functions. The modified quadratic form itself follows uniquely from the requirement
for the absence of non-renormalizable terms, after renormalizing the basic parameters of W
and allowing for sweeping.

Fortunately, sweeping effects do not pose an insuperable obstacle, notwithstanding that
the initial formulation is Eulerian. Indeed, we show that the power divergences associated with
sweeping can be removed by introducing a single sweeping interaction term, which can be
derived from the generating functional itself by transforming to a frame moving with the local
velocity of the large scale eddies, using a random Galilean transformation of the velocity field,
having an rms convection speed which is calculated from the NS nonlinearity. The application
of this transformation does not, of course, affect the values of S, (r) and, thus, enables the
straining interactions which determine the spectrum to be separated from the background of
sweeping convection, yielding, in effect, quasi-Lagrangian forms. In this way, as we shall
show below, it proves possible to demonstrate multiscaling and calculate the anomalies of the
structure functions accurately.

2. Theoretical foundations

Our starting point is the NS equations, describing flow in an incompressible fluid of unit
density, velocity v, kinematic viscosity v and pressure p, and driven by a random solenoidal
stirring force f, which are

v 2
§+U-Vv=—Vp+vVv+f “4)
and
dive = 0. &)
Suppose that
v(x) = V(XI|f) (6)
is the solution of (4) at the space-time point x = (=, t), corresponding to a force f(X),

which has a Gaussian probability distribution P(f). Then the generating functional W for the
correlation functions of the velocity field can be written as the functional integral

W= /exp(S)P(f) Df ™)

where the source term is given by
S(J):/J(;?)-V()ﬂf)d)% ®)

and the correlators follow by functional differentiation with respect to the source field J(x).
Given that we cannot obtain an explicit expression for the solution (6), the crux of the problem
is how to approximate (7) with the accuracy required to calculate the ¢,. In our approach,
as indicated above, we prove that the Kolmogorov theory can be used effectively as a mean
field theory in a saddle-point evaluation of (7), and that this leads to an expansion which has
a genuinely small coupling constant.

Within the context of a field theoretic interpretation of (7), each term of the binomial
expansion of (1) must be regarded as an operator product of the usual Wilson type, (see
e.g. [7,8]). Correspondingly, the powers of vy must be treated as composite operators, which,
in accordance with standard procedures [7], must be generated from W by independent sources.
However, in defining a suitable set of longitudinal composite operators, we must take account
of the fact that, whereas the velocity difference v, — v_, and, hence, S,(r), is dominated



4392 M J Giles

by motions of scale r, and, thus, can be expected to display universal features, when r is in
the inertial range, the same is not true of the velocities vy themselves, because, relative to
the laboratory frame, they include contributions from the large-scale eddies. These must be
eliminated, which can be accomplished by referring the flow to a frame moving with the local
velocity U of the large-scale eddies, as discussed fully in section 7. Here, our aim is to limit
the composite operators that need to be allowed for to those which appear explicitly in the
definition of S, (r), as given in (1). Indeed, rewriting (1) in the form

$u(r) = ({(vs = UD) = (v= = UD))")

leads one to define a set of longitudinal Galilean invariant composite operators Os(x), for

s =2,3,4,...,relative to the laboratory frame, by

Os(X1f) = [Vi(xf) — Ui’ /s! ©)
which we generate from W by adding to the source term (8), the additional term

=Y [wwoinas. (10)

We also need to include in the definition of W a means of establishing the vital link
between the time-independent definition of S, (r) and the dynamics of the turbulence. This
requires the introduction of a dynamic response operator, which we define to be the functional
differentiation operator

8
Fo®) = ——. (11
18fo (X)
Its inclusion in the definition of W adds a final source term to S, given by
f Jo (X)) Fy(X) dx (12)

where summation over repeated vector indices is implied here and below.
The terms (8), (10) and (12) together constitute the full source term for (7) which becomes,
therefore,

S, J. 1) =/{Ja<f)va<£|f>+ia<£)fa(£>—ero%)os(ﬂf)}df (13)

and this completes the definition of W. Thus, (7) and (13) provide the foundation of our
approach to the calculation of ¢,. However, before we can proceed with this calculation, we
must cast W into a conventional field theory form, and introduce the modified quadratic form.

A straightforward method of transforming (7) into a conventional field theory form is to
replace P(f) by its functional Fourier transform and then integrate over f. This is the stage
at which we make explicit use of the NS equations. Essentially, to effect the transformation,
we change our perspective by replacing the velocity field V' (f) generated by the force f, by
the force F'(v) needed to excite a particular realization v of the flow field. The operator (11)
is then replaced by an equivalent conjugate vector field .

To carry out this transformation, we work in the Fourier domain setting

v(®) = /exp(ilé - %) v(k) Dk

where k denotes (k, w), so thatk - £ = wt — k - x, while Dk = dw dk/(2m)*. Then, from (4)
and (5), we have

Fy (e, v) = Go(k) vy (k) — %(2n>4Paﬁy(k> / vs(P)vy (8(p +G — k) Dp Dg. (14)
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The notation here is the following. Go(k) is the zero-order approximation to the response
function G (k) defined below in (70) and (71), namely

Go(k) = m (15)
where

7,7 = Dk>.
Pypy, (k) is the NS vertex defined by

Pap, (k) = kg Py (k) + ky Pog (k) (16)
where

Pop(k) = 8up — kakp/ k> (17)

Next we write the Gaussian distribution of f in the form

P(f) = Nexp {—% f fa (=R ™" Pog (k) f5.(k) D/é} (18)
for which the corresponding force covariance is

(fu®) f5(D) = @m)*8k + D)1 (k) Pop (K)

where the force spectrum function /4 (k) is an arbitrary function which is assumed to be peaked
near the origin, so that the power input [ (k) dk is finite. Otherwise, we make no specific
assumptions regarding the form of i (k). We now change the functional integration over f
in (7) to an integration over v by means of the transformation v(lz) = V(l?l f), and substitute
the representation

P(f) = N/ exp {—% / Do (—k)h (k) Py (k) g (k) Dk + i/ Do (—k) fo (k) Dl%} Do, (19)
Since the Jacobian only contributes an unimportant constant, we get

W, J, 1) = /exp [— L(v,9)+8(J, J, 1)|Dv Do (20)
where

L(v,3)=1 / Do (—k)h (k) Pug (k) g (k) Dk — i/ 3o (—k)F,(k,v) Dk (21)

while the source term (13) becomes
SO, J. 1) = / {Ja<—1€)vaa€) + T (=) (k) = > t(—k) 05(1€>} Dk (22)

where 05(12) is the Fourier transform of
O,(%) = [vi(}) — U]’ /5. (23)

The expression (20) casts W into the form of an MSR-type functional integral [9].

Now the quadratic form appearing in (21) does not provide a good initial approximation for
inertial range scaling, because, of course, it merely describes the viscous decay of an externally
driven random flow, with no account taken of the nonlinear interactions. It is thus essential
in developing an expansion theorem for (20) to introduce a more appropriate quadratic form.
Here, we can appeal to the general theory of quadratic forms in a Hilbert space which indicates
that we can introduce at most two functions.These can be taken as an apparent force spectrum
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Dy (k) and an effective micro-timescale tp(k), which are related to the energy in wavemode k,

Q(k), by

Q (k) = 570(k) Do (k). (24)
The modified quadratic form in L (v, ) is then obtained, firstly, by replacing i (k) with Dy (k)
and, secondly, by replacing the viscous timescale t, (k) by the the effective timescale 7y (k), so
that the viscous propagator (15) in (14) is replaced by

Go(k) = (25)

iw+7o(k)~

Thus, we now have in place of (21)

L(v, ) = %/ﬁa(—é)Do(k)Paﬂ(k)ﬁﬂ(lé) D/G—i/ﬁa(—lé)Fa(lé, v) Dk (26)

in which Dy(k) and 19(k) are, as yet, unknown functions to be determined later from a
solvability condition associated with the energy equation and the linear response function.
The idea that one should replace the viscous quadratic form by a modified form was suggested
originally in [10], where it was used in conjunction with a variational principle based on an
entropy functional, but recent work [11] has shown that this approach contains an arbitrary
element. However, we shall not need to invoke any additional principle, because we shall be
able to deduce the modified quadratic form in a self-consistent way from the 1-loop expansion,
as we have already indicated.

The introduction of the modified quadratic form as a basis for an expansion theorem
for (20) requires the inclusion of the difference terms as perturbations, which contributes an
additional term to L given by

ALy=1 / B (—R) (k) — Do(k)} Pay (k) () DR

—i / B (=) {7y (k) ™' — (k) ™" Yvg (k) DE. 27)

These terms have the same form as the counterterms introduced below in (33) to accommodate
the pure logarithmic divergences but their role, as we shall see, is not critical as regards
calculating the inertial range exponents.

The derivation of the form of the functions Dy(k) and 7y(k) occurring in the modified
quadratic form entails a detailed discussion of sweeping convection, the structure of the
Feynman diagrams associated with the loop expansion of W and the establishment of the
solvability condition for the absence from the linear response function of non-renormalizable
terms. We shall defer detailed discussion of these topics until sections 7 and 8 and, meanwhile,
proceed with the calculation of the anomalous exponents by anticipating their forms, which,
in the inertial range, are

Dy (k) = Dok (28)
and
T0(k)™! = vok*3. (29)

Clearly, these forms imply that the zero-order solution behaves in the inertial range as if the
fluid were stirred by a random force with a k=3 force correlation spectrum, to which it responds
with a Lagrangian timescale cck~2/3, even though the actual force spectrum £ (k) is an arbitrary
function which is peaked near k = 0. Thus, they lead to the Kolmogorov distribution. We shall
explain how this result follows from the generating functional in section 8. The advantage of
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this approximation is that it achieves a prime requirement of any efficient perturbation theory,
which is a zero-order approximation that already closely approximates the desired solution.
On the other hand, as we have indicated, the resulting perturbation theory yields
divergences at higher orders. But we shall find that, provided the flow is referred to a frame
moving with the local velocity U of the large-scale eddies, these divergences can be handled
by standard renormalization procedures. Thus, all calculations will be referred to this moving
frame. As we will show in section 7, the effect of this change of frame, is to introduce an
additional sweeping interaction term into L given by
3 gV} A PR AP A
Li=-—— [ 1l-muv(m)-v(—m)v(l) - v(—I]) DI Dm 30)
4 1(k)
which cancels the contributions to the probability associated with the sweeping convection
generated by the NS vertex. In particular, it eliminates the power divergences which, as
indicated above, arise from the kinematic effect of the sweeping of small scales by larger
scales. So (30) provides a means of regularizing the theory apart from the pure logarithmic
divergences, which we can sum by renormalization group methods to obtain ¢,. The structure
functions (1) are, of course, invariant under this change of frame, while (23) becomes

O5(X) = vi(%)*/s! (31)
so that
O, (k) = vy (k)* /s!

where vl(lg)s denotes the Fourier transform of v;(x)*. For ease of notation, we do not
distinguish between v and v before and after the Galilean transformation. As all calculations
are to be carried out in the moving frame this should cause no confusion.

Thus, an important implication of using the modified quadratic form as an initial
approximation for the calculation of ¢, is that renormalization becomes a necessary preliminary.
So we need to identify the counterterms which arise in W under renormalization and obtain
the transformation rule which connects the bare and renormalized generating functionals.
Renormalization is applied to the viscosity and force constants appearing in (28) and (29) in
the usual way by introducing renormalization constants Z, and Zp, which relate their bare
values vy and Dy to their renormalized replacements v and D by

vo=VvZ, and Dy=DZp. (32)

This generates counterterms in (21) for the elementary fields (v and v) given by
ALe = —szi/ U (=) T (k) 'y (k)Dk + AZp L / B0 (—k) D(k) Pug (k) D, (k) Dk (33)
where we have defined renormalization constant increments by

AZ,p=Z,p— 1.

The additional renormalization which must be applied to the composite operators (31) also
takes the standard form

(OS)B = Zs(os)R (34)
The corresponding counterterm is obtained by substituting (34) in (22) to get

AL, =Y AZ f t,(—k) O, (k) Dk
S

where

AZ,=Z;—1.
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We conclude this section by giving the transformation which relates the generating
functional of the bare correlation functions Wp to its corresponding renormalized form Wy.
To provide a convenient means of handling the dependence of the correlation and response
functions on the dimensional parameters vy and Dy, we rescale V' and f by introducing bare
fields defined by

o=

. Dy
Vk) = (7) Vi(k, wg)

0
and

. (Do)
Jk) =\ —) fe(k, wp)
Vo
with bare frequency
1)
wp = —.
Vo
These bare fields preserve the form of the NS equations, apart from explicitly introducing the
non-dimensional coupling constant, defined by
6n2w]
in which the appropriateness of the numerical factor will appear later from the loop-expansion
of W.

Under the renormalization (32), the bare fields are replaced by renormalized fields, to
which they are related by

80 (35)

Z3
Ve (k, wp) = (Z:)) Wr(k, wr)

ol—

and
Z,\?
fe(k, wp) =< ) Sfr(k, wr)
Zp
where
w
WR = —.
v

These relations follow from two requirements. First, the form of the NS equations (14) must
again be preserved, with the new constants v and D resulting in a renormalized coupling
constant
D

T o623
Second, we have to satisfy the crucial requirement that P (f), as given in (18), remains invariant
under renormalization. Indeed, satisfaction of these conditions implies the desired relation
between W and Wg, which from (20) and (22), is readily found to be

y 1 [ Zp\? 1z N\ .z 7o\
Wr(J, L, t) =W | | =) I | ) I = i) (37)
z, \ z, z, \ z, zs\ Z,

The foregoing provides the basis of our calculation of ¢,, which involves the following
four stages, all of which are carried out relative to the moving frame. First, we use (37) and the
binomial expansion of (1) to develop a short distance expansion for S, (r), by substituting an
operator product expansion (OPE) [7, 8] for each term, based on the operators (31) applying in

8 (36)
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the moving frame. As shown in section 3, this yields the scaling of §,,(r) in terms of uv fixed
point values of standard RG functions. The second stage of the calculation is to demonstrate
that the required uv fixed point of the RG actually exists, and then to deduce the corresponding
fixed point coupling constant g,. This is done in section 4 by considering the renormalization of
the linear response function, using the renormalized functional in the form obtained from (25)
and (26). The third stage is to calculate the specific fixed point RG parameters which give
the anomalous component of ¢,. To do this, we have to consider the renormalization of
appropriate nonlinear Green functions involving the composite operators defined in (31).
These are identified and evaluated in section 5. Having calculated the anomalous scaling
exponent —1,, of the pth term in the binomial expansion of S,(r), in the fourth and final
stage of the calculation, we derive a simple algebraic expression for £, by maximizing ),
with respect to integer values of p, and subtracting this maximum from the Kolmogorov
value (3). The results obtained for ¢, are presented in section 6, where they are shown to
be in good agreement with experimental measurements at all orders for which reliable data
exists. Finally, the mathematical proofs, deferred during the calculation of the exponents,
are presented in sections 7-9, and comprise: (a) the demonstration that sweeping effects can
be eliminated by means of the random Galilean transformation of the velocity field; (b) the
derivation of the modified quadratic form from the 1-loop expansion; and (c) the derivation of
the dominant terms of the OPEs.

3. The structure function expansions

In applying the OPE technique to (1) the first point to appreciate is that the orders n = 2, 3
and >4 require separate treatment. The factor distinguishing S, and S; from the higher-order
S, 1s that the latter involve composite operator products, whereas S, and Sz do not. Also, S3 is
exceptional in representing a transition at which corrections to the Kolmogorov exponents (3)
change from positive at n = 2 to negative at n > 4, with no correction occurring at n = 3 in
accordance with the known exact scaling law, which is verified, within the present framework,
in section 8. This sign change is caused precisely because composite operator products appear
in S,, whenn > 4.

We begin, therefore, with the relatively straightforward case of S,. According to (1), we
have

Sa(r) = 2([v*) — (vsv-)) (38)
which shows that the scaling of S, is determined by the behaviour of the operator product v, v_
as r — 0. The form of its OPE is established in section 9 after the necessary mathematical
apparatus has been set up. Its proof is given there to the accuracy of the calculation, ie up to
and including terms of order gz. We shall show that, in the moving frame, the operators which
appear in its OPE are: (a) the unit operator /, with constant coefficient £ /3, where E is the
turbulence energy; (b) the dominant longitudinal quadratic composite operator O, (%), as given
by (31), which gives the leading scaling behaviour; and (c) subdominant operators including all
transverse operators and the longitudinal higher-order composite operators O(x). However,
we shall only be concerned with the dominant operators and so we write the expansion as

v = TEL+ Co(r) O2(R) + - - (39)
where the dots indicate the additional subdominant terms. The scaling behaviour of this
operator product can be found in the usual way from the RG equation satisfied by the leading
Wilson coefficient C,(r) [12].

We start by considering an arbitrary equal time correlation function of order /, given by

Hey ooy K1, oo R1) = (vey (B1) - 06, (B0))- (40)
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If we insert (39) into this correlation function, we get

R U S E R R
Hy, ..o <x1, XL X+ El,x — El) = ?Hal...a/(xla 7))
+Cr () Q) o Fry o R R+ (41)

where, in general, Q) is the inserted correlation function defined by

o

08 o (Rives 21 8) = (Ve RD) - . 0 (D) O (D)) (42)

and 7 is a unit vector along the x-axis.

We can deduce the RG equation satisfied by the Wilson coefficient C; in (39) from (41),
given the RG equations satisfied by H,, ., and fo])mm. To obtain the latter, we need the
transformation rule for the equal time generator of these correlation functions, which we
denote by W (J, t;). This follows in a straightforward manner by taking time-independent
sources in (37), and integrating with respect to wg and wg, with the J dependence, which
is irrelevant here, suppressed. To simplify the result, we shall anticipate the fact, which we
demonstrate in section 4, that

Zp=2Z,. (43)
We then get
Wi (T, 1) = W (T, Zt,) . (44)

According to this relation, the bare and renormalized forms of H,, ., are equal. Hence,
when we change the renormalization scale, which we denote by w, the Fourier transform of
H,, .o, changes according to the RG equation [12]

DHy, .o, =0 (45)
where D is the standard RG operator defined by

0 d
D=p—+p@— (46)
I ag
with
dg
B(g) = TR 47)
m
In the case of Q') | we obtain from (42) and (44) the relation

op...00°

(00 )R = Zs(Qg) o)
which leads to the RG equation

DO o =108 o, (48)
where y; is the anomalous dimension of Oy given by

d
=R log Zs. (49)

For ease of notation, we have dropped the suffix R in the RG equations (45) and (48), since
we shall always be dealing with relations between renormalized functions.
We now apply the RG operator (46) to the Fourier transform of (41), and make use of (45)
and (48), to get
0= (DCy+7,C3) O, ++-. (50)

As this equation holds for arbitrary Q% , . it follows that
DCy = = (s (D
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which is the RG equation satisfied by the Wilson coefficients in (39).
The standard solution of this equation, corresponding to an uv fixed point [12], now gives
for the leading term of (39) the scaling behaviour

Co(r) ~ r?3 7 (52)

where the star denotes the fixed point value of (49). This result, in conjunction with (38)
and (39), yields the scaling exponent for S, (r), namely

=3+ (53)
where
Ay = —y5. 54)

We shall calculate A, in section 5.
Consider now the general case for even orders n = 2m > 2. Introducing the general
composite operator product

Aw (@, r) = O, (x + gz) Oy (x - %z) (55)

and taking advantage of the isotropic symmetry, we can write the binomial expansion of (1) as
m—1

S, (r) =n! <2 D (D Ay @)+ (D) A (E, r)> : (56)
p=0

We can identify the dominant term of the OPE of A,_, , by factoring out the product
(v4v_)? and using the fact that, by (39), its expansion begins with the unit operator. We will
justify this process in section 9. This implies that the OPE of A,,_, , itself takes the form

An—p,p(fa r) = Cp,m—p(r)02(m—p)(32) +-- (57)

where again the dots indicate subdominant terms. Substituting (57) in (56), we get

m—1

S,,(V) = n! {2 Z(_)pcp,mfp(r) <02(m7p)()2)) + (_)mcm,m(r)} +-- (58)

p=0

the averages of the composite operators being independent of x for homogeneous isotropic
turbulence. To find ¢, from this expansion, we have to determine which term or terms on the
right-hand side yield the negative correction of maximum magnitude to K. As before, this
is deduced from the RG equation for the Wilson coefficient C), , which we derive next.

We begin by inserting (55) into the general correlation function (40) to obtain the general
inserted correlation function

RCSD, (Ri, .o B R+ 308, 8 = 3rD) = (va, R) .. v B Ay (B, 1)), (59)

According to (44) its bare and renormalized forms are connected by the relation

(R(SS/) )R = ZSZS’(R(H,) )B

ay...qp ap...qq

from which it follows that Rgfl” , satisfies the RG equation

o

DR(ss’) — (Vs + )/s’) R(ss') (60)

o..0 oy..0p°

Next, we insert the expansion (57) into the general correlation function (40), and use the
definitions (42) and (59), to get

r r
—p, ~ A A A A ~ 2 ~ A A
R[(;,l...g,p) (xl, e XL X+ El,x — 51) =Cpmp () Qéf__)_al(xl, .. .,xl,x).
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We then apply the RG operator (46) to the Fourier transform of this equation, and substitute (48)
and (60) to obtain

Q" ADChim—p + (V2un-p) = ¥p = Va—p) Cpm—p} +++- =0
from which it follows that
DCpm—p = — (VZ(m—p) —Vp— Vn—p) Cpm—p- (61)

We now invoke the standard solution of (61), applicable at the uv fixed point [12], to
obtain the scaling relation

Cpmp(r) ~ 1370 (62)
where
T”P = yZ*(m—p) - V; - yn*—p’ (63)

Upon substituting (62) in (58), it is immediately evident that the scaling exponent of S, (r) is
given by

n
gn = 5 —Tn (64)
where
T, = m;lx Tup for n=2m > 2. (65)

Once Y, has been evaluated from (49), at the fixed point, which we do in section 5, it is a
simple matter to evaluate 7,,, as we show in section 6.

Odd orders withn = 2m+1 > 3 may be treated similarly with minor adjustments to allow
for the fact that the expansions involve odd powers. In this case, however, it is immediately
evident that the dominant scaling must arise from the Wilson coefficient of the unit operator
corresponding to p = m, because averaging wipes out other terms by virtue of the fact that
(O2441) = 0. Hence, we obtain

tw=— (Vi +vi) for n=2m+1>3. (66)

Again, the justification of the relevant expansions is given in section 9.

4. The linear response

In order to evaluate 7,,, we have to establish that an uv fixed point exists, which entails showing
that the RG B function (47) possesses a zero

B(gx) =0 (67)
at which
dg

To do this we must first determine the dependence of the renormalization constants Z, and
Zp on the renormalization scale . We will then verify that (43) holds and use this fact to
calculate g, from Z,.
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4.1. Evaluation of Z,

According to the general theory of renormalization [13], the renormalization constant Z, has
an expansion of the form

2
Z, :1+ga1\,10g(%> +g2 {azilog2 (%) +a2,,log(%)} +oeen, (69)

Here « is the wavenumber cut-off which provides the intermediate regulation of the divergent
integrals. In the present case, this is an ir wavenumber of the order of L~!, where L is the
typical length scale of the large scale flow. Divergences arise in the limitx — 0, corresponding
to the inertial range limitr/L — 0. The constants a,, and a,, will be calculated by eliminating
the logarithmic divergences, at 1 and 2-loop orders respectively, from the 1PI Green function
g (12, i ), which is the inverse of the Fourier transform G4 (12, ) ) of the linear response function

Sug (3
Gup (3. 7)) = <%> (70)

"y, and the other 1PI functions that we shall require, are generated from the functional K,
which is obtained in the usual way by performing a Legendre transformation on W, = log W,
with respect to the sources of the elementary fields, J and .J, while holding the composite
operator sources f fixed [7, 14]. The new source fields for K are therefore given by

u® = @yt — e _
i8J(—k)
and
a(k) = (2n)45~L‘}
i8J(—k)

with K itself given in terms of its source fields by
K (u, i, t) = —W, +i/ [J(=k) - u(k) + T (=k) - a(k)} Dk.

It follows, therefore, that

- s 8K
Copk, ) = 2n)° ——5——.
181ty (k)Sug(l)
Introduction of the reduced forms
Goplh, 1) = 2m)*8(k +1) P,g (k)G (k) (71)
and

Tup(k, 1) = Qm)*8(k + 1) Pag (k)T (k)

then leads to the standard relation

k) =Gk~ (72)
We can now use (37) to show that the connection between the bare and renormalized forms is
'R =2, (73)

which demonstrates the suitability of I'(k) as a basis for determining Z,.
In carrying out the renormalization of I"(k) to obtain the coefficients in (69), we choose
the normalization point to be k = 1, where

Wi = (m, wp, = 0).
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(i) ; .
= k
. 5 0y (b
(i) i o
o> B =Gk
(iii) v
....... L = Pugy b
p
(iv) o
2 k2 ‘ s
) =-TIP, (k)
o i=1 "
o, K, K, o

Figure 1. Components of the diagrams: (i) velocity correlator; (ii) linear response function; (iii) NS
vertex; (iv) composite operator O vertex.

Here m is a fixed vector having a magnitude equal to the renormalization scale u:
lm| = pu.
Since & > k, we have
m> k. (74)

The direction of m need not be specified, because the geometrical factor is contained in Pyg(1m)
which cancels off. The expansion (69) is used in conjunction with a normalisation condition
that sets I" (i) equal to its tree level value. Thus, from (25) and (72), we have

L) = To(i) = Go(i) ™' = 7(u)~! (75)
and so the 1-loop term satisfies the normalisation condition
y(m) = 0. (76)

The Feynman diagram giving the 1-loop term of I'yg(111) generated by the NS vertex, as
given by (20) and (26), is shown in figure 3(i). The standard rules apply to such diagrams with
the following assignments, which are shown in figure 1:

€)) Externa}l lines represent functional differentiation with respect to u(l%) when continuous,
and u(k), when dotted.The diagram is divided by a factor of i for each differentiation with
respect to u.

(2) A continuous line linking two vertices denotes the reduced velocity correlation function
defined through

(va(byvp(D)) = @r)*8(k +1) Qup (k)
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and given by
Qus (k) = DUR)|G(B)|* Py () (717)
—-—BQL—P (k) 78)
T P+ P (

in which it is convenient to employ the inverse timescale defined by
ok) =tk = vk, (79)

Also, for ease of notation, we omit zero-order labels in writing down mathematical
expressions for the diagrams.

(3) A half dotted/half continuous line connecting two vertices represents i times the zero-order
response function

Gop (k) = G (k) Pop (K) (80)

= e P (81)

(4) The NS vertex with one dotted and two continuous lines represents — Py, (k), the vector
index o and k being associated with the dotted leg, with k directed away from the node.

Returning now to the 1-loop diagram for g (#71), we note that it has a symmetry factor
of 1. Hence, it yields a contribution to I'; (/1) given by

Pg(m)I" (i) = f Pays(m) Pryg(m — )Gy, (it — ) Qs0(p) Dp.

Substituting the zero-order correlator (78) and propagator (81) yields

rVony =1 / A(m, p)D(p)I(m, p)Dp (82)
where

; L dQ

m.p) =5 / i+ o (m — DI + 0 (p)7]
and

A(m,p) = Payé(m)PAva(m - p)Py)u(m —p) Ps,(p).

We can extract the divergence from this integral by expanding its integrand in powers of
p/m. This is possible because it emanates from the region p ~ k, while from (74) k < m.
The frequency integral / is elementary and, with the approximation |m — p| >~ m = p, yields
to lowest order

1

20 (p)lo(p) +a (W]’
A(m, p) is now the only factor in (82) depending on the direction of p. Hence, the integration
over the solid angle in (82), together with the approximation |m — p| ~ m, yields the factor

(83)

I(m,p) =

f A(m, p)dop, = Poys(m) Py (m) Pyj(m) / Ps,(p) doy,

8
= ? Pay&(m) PABa (m) P)/A (m)
16 m? _ 167 w?
33
where we have used the definitions (16) and (17).

(84)
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Substituting (28), (83), and (84) in (82), and using the definitions (36) and (79), leads to

d
1 (m) = go (k) e PO (D)o (p) +0 ()]

Next we change from an integration over wavenumber p to an integration over the non-
dimensional variable x defined by

- M. (85)
o(n)
After making use of (79), we obtain
MY oR) = 38T~ Ho(e) (86)
where
ne =[5 37)
g) = _—
0 L X2+ 1)
in which the lower limit of integration is
(W)
= . 88
€= 70 (88)
Evaluation of (87) is trivial and yields the divergent terms
1
Iy(e) =loge + - (89)
giving
3 3 1
Ffl)(n%):—iloge+— & -. (90)
27(w) 2t(p)e

To this we must add the contributions from the sweeping interaction term (30) and the
counterterm (33). In section 7, we will show that the 1-loop term arising from the sweeping
interaction cancels the power divergence in (90), and so this term may be omitted from Fil) (m).
This leaves the logarithmic divergence which, on making use of (88) and (79), becomes

. - w
N o) = —e(u)'glog (£). 1)
The counterterm vertex shown in figure 2(i) contributes the term Pyg (112) Fiz) (m) where

L0 = AZr (™" = a0~ glog (£). ©2)
But, from the normalization condition (76), we have

Vi) + TP (i) = 0
which, upon substituting (91) and (92), yields

ap, = 1. 93)

The other constant in (69), ay,, is obtained from the 2-loop term of g (71), namely
P,g(m)T»(11). At the normalization point it must satisfy the condition

Co(m) =0 (94)

by virtue of (76). There are nine possible Feynman diagrams for ', (771) containing two loops.
But, for reasons discussed fully below, only two of them yield divergences after integration
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® o ——ee 8 = IAZ, P g (K)/t(k)
(i) i
o oo 3o B = —AZ, P, (k) D (B

5
==az TP, &)

0LI (xs
k, k

Figure 2. Counterterm vertices associated with the renormalization of the elementary fields and

the composite operators.

(ii) h—

>

i

Figure 3. The 1PI Feynman diagrams evaluated in section 4 for (i) I'y, (ii) [T, (iii) and (iv) I';.

over the solid angles. They are shown in figures 3(iii) and (iv). Their symmetry factors are 1

and they contribute the terms
Pop(m)T3V (i) = — / Dp DG Qse () 0ip(d)
XGKy(rh - Ia)Gua(’/h - ﬁ - é)G‘[/L(’/ﬁ - ﬁ)

X Pyys (M) Puge(m — p) Peyy(m — p) Py (M —p — q)
and

Popg(m)TSY (7) = — f Dp DG Qs0 () 01 (§)

XGK)/(’/;:l - ﬁ)GQU(rﬁ - 13 - qA)Get(”h - é)

XPayé(m)Peuﬂ(m — @) Pejn(m _p)PQO'T(m —-p—q).

95)

(96)
o7
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Evaluation of these 2-loop integrals proceeds essentially as just described for the 1-loop
case. Consider first (95). Substitution of (78) and (81) gives

ryony = -1 / A(m, p, @) D(p)D(q)I (m, p, ) DpDq (98)
where

A(m, p, @) = Poys(m) Py, (m — p) Pope (M — p — @) Prae (M — p) Pse (p) Py ()
and where [ is the double frequency integral given by
1

@)

We extract the divergences from (98), by expanding its integrand in powers of both p/m
and g/m. Substituting (81) in (99), and using the approximations |m —p| ~ m = pu,
lm—q|l>~m=pand |m—p—q| =m= u, we get

dQ, de,

(2n)? / (€22 + 0 (p)2[R22 + 0 (q)*1[—iRQ), + o (WP[—=i(2), + ) + 0 (w)]

I(m,p,q) = / IG(HG@)|’ Goi — p*Glh — p — §) AR, AL, 99)

I(m,p,q) =

yielding
1

4o (p)o(@)lo(p) +o(w)Plo(p) +o(q) +o ()]
Integration over the solid angles in (98) now involves only A(m, p, q) and yields the factor

I(m,p,q) = (100)

/ A(m, p, Q) dop doq = Pay5 (m)Pykv (m)Pvpr (m) Proze (m) / PSG (p) PAp(Q) dop doq

2\ 2
=2<87T3M ) ' 101)

Substituting (28), (100) and (101), in (98), and using (36) and (79), we obtain, to lowest order,
. dpdq
rsY oi) = —g%o (W° / - :
pg=c Pao(p)o(@lo(p) +o(Wo(p) +0o(q) + 0 ()]
Next, we change to non-dimensional variables of integration defined by

A R A (102)
o(p) o(p)
to get
5 oh) = =3¢t (w1 () (103)
where
oo o0 l
I (e) = dxdy. 104
(&) f / 221 (Qtxty) 2 (10
Extracting the divergent terms from this integral for small & now gives
Lie) =1"(e) + 11" (e) (105)

where / 1(1) consists of the purely logarithmic divergences
Il(l)(s) = % loge +4log’e

while / 1(” ) comprises the power divergences

) 1 1 4
I] (8)28—2+—E+E10g8. (106)
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I]([’)

As with the 1-loop term, it will be shown in section 7 that is exactly cancelled by the

corresponding 2-loop terms arising from the sweeping interaction (30). So we can omit / 1<p )
from I;. Furthermore, for the calculation of the coefficient a,, in (69), we require only the
singly logarithmic divergence, as in standard renormalization calculations [8]. So we can also
remove the log? term from / l(l) . Thus, we are left finally with

Ii(e) = Lloge
and (103) yields

r{Y (i) = 8g2t (1)~ log (%) (107)

where we have used (79).
Similarly, for I\ (), we get from (97)

Iy o) = -1 / A(m, p, ) D(p)D(q)I (m, p, ) DpDq
where

A(m, p, q) = Potﬂy(m)Py)»M(m - p)Prva(m - p)P/LO'T(m —DP— q)Pﬂa(p)PAv(q)
and

1
(@m)?
Using the approximation p, g < m as before, we find that the result (101) again applies to the
angular integrations, while the frequency integral yields

I(m,p,q) = / IG(HG@)|” Goh — PG — §G G — p — §) R, AL,

1
4o (p)o(g)lo(p) +o(Wllo(g) +o(wllo(p) +0(g) +o(n)]

I(m,p,q) =

leading to

: pg>c Pao(p)o(q@)lo(p)+o(w)llo(g) +o(wllo(p)t+o(g) +o(w)]

Changing to the non-dimensional variables (102) now gives

MY 0h) = —38°t (W 'L () (108)
where

L (e) /Oofoo drdy (109)

g) = i
? e Je 22U+ (L+y) (L+x+y)
Extraction of the divergent terms in this case yields

L(e) = L"(e) + 1" () (110)
where

1(1) _ 2

, (e) =Tloge+5log” ¢
and

1 2 4
1§”>(e)=8—2+g+gloge. (111)

Again, we will show in section 7 that the power divergences are exactly cancelled by the
corresponding 2-loop terms arising from the sweeping interaction (30). So we can omit 12(” )
from ;. Since we need only retain the singly logarithmic divergence for the calculation of
a,, we are left with

I(e) =Tloge
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and (108) yields

2
r o = S0~ gog (£). (112)

To the two contributions (107) and (112) to I'; (1), we must add the counterterm, which,
by analogy with (92), takes the form

r§ o) = azg’r() ™ log (£ ). (113)
Thus, the normalization condition (94) becomes

5" (i) + T3P ) + T (i) = 0.
Substitution of (107), (112) and (113) in this condition now yields

az = —3. (114)

Note from (85) and (110) that the sum of the 2-loop divergences is

37 2 91 2 loge
Il+12=710gs+910g 8+§;+8—2+8 P (115)

Finally, we explain why the 2-loop topologies, which have been discarded in calculating I,
do not contribute to a,. As we shall explain further in section 7, divergences arise in these
diagrams when it is possible for one or more soft wavevectors (i.e. values of p and/org <« m)to
flow through a correlator. However, if this entails the flow of some or all of these wavevectors
through the active (i.e. dotted) leg of the NS vertex, then the logarithmic divergence will be
suppressed by the extra powers of p and/or ¢. In the case of the 2-loop diagrams which
we have just calculated, the external hard wavevector m flows through the active legs of all
vertices, so no suppression occurs. However, in the case of the remaining topologies, at least
one soft wavevector flowing through a correlator must also flow through the active leg of a NS
vertex. For the four remaining 2-loop topologies containing vertex corrections, the divergence
is suppressed individually for each diagram, after integration over the solid angles. For the
three remaining 2-loop diagrams containing insertions of the 1-loop diagrams (i) and (ii) of
figure 3, suppression results after integrating over the solid angles and summing over the
diagrams, the overall cancellation being related to the fact that the coefficients a;, and aip
associated with the two types of insertion are equal, as we show shortly. Likewise the four
1-loop diagrams containing the counterterm vertices yield no net contribution to a,,, although
they do contribute a log2 (¢) term to Z,, such that the overall coefficient of its log2 (¢) term is
as determined by the 1-loop expansion, in accordance with (69).

4.2. Evaluation of Zp

The calculation of the renormalization constant Zp, proceeds along similar lines to the
calculations just described for Z,, although the detail is substantially different. The expansion
of Zp, of course, takes the same form as (69), namely

2

We shall show that a;p = a;, and ap = a,, thereby verifying that the condition (43) is
satisfied to 2-loop order.
Here the relevant 1PI function is the correlation function given by
2

2
Zp :1+ga1D10g(ﬁ> +g2 {al—Dlog2 (E)+a2Dlog<ﬁ>} +.... (116)
K K K

I, IG,IA =(2 Sf
kD) = Cn) i,
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which is readily shown to be related to the velocity correlation function Qg (12, ) ) by [14]

D) = [ a0 01050 45 44
Substituting the reduced forms

Mok, [) = Qu)*8(k + 1) Pop (k) TT(K)
and

Qup (k. 1) = (2)*8 (k +1) Pup (k) Q (k)
we get

n&) = [rd)’ o).

From this result and (37) and (72), we find that the bare and renormalized forms of IT are
related by

Mg = ZpIlg

which confirms that I1(k) is the appropriate 1PI function to use for calculating Zp.
The normalization condition is again chosen to be consistent with the tree level
approximation, as implied in (116). That is, we set

(i) = Mo(i) = D (1) (117)
so that the 1-loop term satisfies the normalization condition
I, (m) = 0. (118)

The 1-loop Feynman diagram for I1,g(7it) is shown in figure 3(ii). It has a symmetry
factor of 1/2, and makes a contribution to IT; (s2) which is given by

Pus(m){Y o) = 1 / Pays (M) Pgy(m) Q. (5) Qs (it — p) Dp.

Substituting (78) yields

" on) = ifA(m,p>D(p>D<|m —pDI(m, p)Dp (119)
where
. b dQ
mp) = / [ + o (Im — pDAI + 0 (p)7]
and

A(m, p) = Pyys(m) Posy (M) Py (p) Psy (m — p).
The frequency integral can be carried out exactly to give
1
20 (p)o(Im — pDlo(p) +o(lm —pD]’
In extracting the logarithmic singularity from (119), we must take into account the fact that
the symmetry of the integrand results in singularities of equal strength at both p ~ «, and

|p — m| ~ «k, the effect of which compensates for the symmetry factor. This follows by
re-writing (119) in the form

I(m,p) =

1
" o) = Z/A(m,p) [D(p) + D(Im — p))lI (m, p) Dp

D(p)~'+ D(lm —p))~!
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and then applying the transformation p — m — p to the second term between the braces.
Since both A(m, p) and I (m, p) are symmetric under this transformation, we get

Y ) = l/A(rn, P) - :

2 D(p)~' + D(lm —pl)~

In this latter form, the divergences arise only from the region p ~ k, and so we can evaluate

the integral by expanding its integrand in powers of p/m as before. In this approximation we
have

D(p)I(m,p)Dp. (120)

1
20 (p)lo(p) +o ()]

I(m,p) =
and
_ 171
[D(p)™" +D(Im —p) '] = D(w)
while the angular integration gives

167 p?
T

8
/ A(m, p) dOp = Tnpayﬁ(m)Payv(m)PSU(m) =

Substituting these results in (120), and using (79) and (36), we obtain

d
") = D kz/ ,
() (n)go (k) o PO (D)0 (p) +0 ()]

which, after changing to the non-dimensional variable (85), becomes

Y (i) = 2D(wglo(e) (121)

where I is the integral (87) obtained for Fil)(nﬁ).

It follows from (75), (86), (117) and (121) that the ratios of the divergences of the 1-loop
term to the tree level term for the two 1PI functions, from which Zp and Z, are calculated, are
equal at the normalization point and given by

D)o~ )~
o Lo _ 3. (122)
o (m) Lo(m) 2
Thus, they have identical divergences arising from the NS vertex. In particular, the coefficient
aip in the expansion of Zp must equal the corresponding coefficient a;, for Z,. Indeed,
from (87) and (121), we obtain a logarithmic divergence

1§ (i) = ~D (g log () (123)

while the Zp counterterm, which is shown in figure 2(ii), contributes a term to IT; (1) given
by

{6 = AZpD () = a1pD (u) glog (=) (124)
But, from the normalization condition (118), we have

" en) + 0P () = 0
and substitution of (123) and (124) leads to

ap=1

which equals the value (93) obtained for aj,.

We demonstrate next that the same results are obtained at 2-loop order. Here we find
that there are five possible topologies for the Feynman diagrams. Four of these contribute
divergences after integration over the solid angles, the fifth giving zero. They are shown in
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() (ii)

(iv)

Figure 4. The 1PI Feynman diagrams evaluated in section 4 for IT,.

figure 4. Their symmetry factors are 2, 1/2, 2 and 1, respectively. In diagram(ii) there is a
doubling of the strength of the singularity at p, g ~ « associated with the insertion of the
l'[il) loop discussed above, which offsets its symmetry factor of 1/2. The diagrams generated
by rotating diagrams (i) and (iii) about a vertical axis have been allowed for by doubling the
symmetry factors, as indicated. Each diagram contributes a term of the form

5 7) = — 2D () g Js(e) with s=1,...,4 (125)

in which the final factor is found using the procedure employed for the earlier cases.
Specifically, for diagram 4(i), we get

" () = — / A(m, p, @) D(p)D(g)D(Im — p|)I (m, p, ) DpDq

where

1 N A A A A " A A
I(m,p,q) = (27)2[ |G(p)G(§)G (i — p) 2Gan — p)Gm — p —q)dQ,de,
and

A(m,p,q) = Payé(m)Paka(m)Pryu(m -P— Q)Pptk(m - p)PKy(m - P)Psa(P)Pm(CI)

which leads to

oo oo x(x+D+Q2+x)2+y)
JI(S)Zf f P 2
e Je x7y (1+x)"(1+x+y)2+y)

Similarly, for diagram 4(ii), we get

ny o) = -1 / A(m, p, @) D(p)D(g)D(Im — p — q|)I (m, p, ) DpDgq

where
1

I(W’P,Q)ZW

/ G(HG@GGh — pHGh — p—§)|” 42, dQ,
and

A(m,p,q) = Paﬂy(m)PaM(m)Pﬂuv(m - p)Péap(m - p)Py)»(p)Pvp(Q)Pua(m -p—9q)
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which leads to

J()_/Oo/ 24+x+Yy d
2@O=] | o dendrxen@eyn T

Again, for diagram 4(iii), we get

s i) = — / A(m, p, @) D(p)D(q) D(Im — p|)I (m, p, q) DpDq
where

I(m,p,q) = /|G(P)G(Q)G(m p)} G(—nm+q)G(—m+ p +q)dQ, dQ,

@n)?
and
A(m,p,q) = Paﬁy(m)PaM(m)Prvp(m —p—q)Psg (M — Q)va(m - p)Pﬁo(p)PAp(Q)

which leads to

_ R x(x+D+Q2+x)2+y)
no=2[ [ riiatron i ary S 02

Finally, for diagram 4(iv), we get

e gy = & / A(m, p, @) D(p)D(g)D(Im — p — q)I (m, p, @) DpDq
where
I(m.p,q) = W/ GGG — p— |’ Gli — PG (—h +§)de, dQ,
and

A(m, p, @) = Pugy (M) Pys) (M) Psor (M — q) Py (M — p) Py (m — p — q) P (p) Pry (@)

which leads to

© L yA1+x)2+)B+x+y) — (2+x)(2+x+y)(1+3y+y2)
Jie) = . : dy. (127)
x2y2(1+x)2+x)+ )22+ y) (1 +x+y)
Evaluation of the four integrals yields the divergent terms
47 1 25 3 2 131
J1(8)=(F—Zlog2>10g5+jlog25+—+8—2+7% (128)
5 9 11 1 51
Jo(e) = — ———10g2 loge——log E—=———= — = o8¢
2 2¢e &2 2 ¢
5, 3 2 loge (129)
J3(e) = 9+—log2 loge+ —log"e+—+— +8
2 2 e g2 &
and
1 5 1 1 1
Ja(e) = —(2+=log2)loge — = log’e — — — — — 4oge (130)
2 2 s &2 &
The sum of the divergences is thus
91 2 1
ZJ(E) —10g8+910g P A a1 (131)
2¢ &2 €

which is identical to the sum of the divergences obtained in (115) for [, (771).
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It now follows from (75), (103), (108), (115), (117), (125) and (131) that the ratios of the
divergences of the 2-loop terms to the tree level terms for the two 1PI functions, from which
Zp and Z, are calculated, are equal, as we found at 1-loop order, specifically

2 ) /A 4 ($) /.~
o) o 15 ()
2 To (i) =2 Mo(m)

s=1 s=1

Thus, like the 1-loop terms (122), the 2-loop terms also have identical divergences. So the
coefficient ayp in (116) must equal the corresponding coefficient a,, in (69). In fact, using the
2-loop counterterm

axpg® Dy log ()

to eliminate the logarithmic divergences of I, (71) as given by (125) and (131) yields

37
ap = —7%

as in the case of a5, .

The fact that the renormalization constants Zp, and Z,, are equal is a dynamical condition
which indicates that the Kolmogorov scaling of the equal time correlators is preserved under
this renormalization. This happens because D and v are intervening nonlinear variables,
representing the basic cascade mechanism and relating to a constant mean dissipation rate,
as already indicated and further elaborated in section 8. It implies that the usual perturbative
mechanisms do not modify the Kolmogorov scaling, so that one is led to look elsewhere
for an explanation of multiscaling. The same conclusion has been reached, albeit from
a somewhat different perspective, in [15] where it has been suggested that corrections to
Kolmogorov scaling should be sought in non-perturbative effects, such as resummation of
ladder diagrams [16]. Our argument is that the breaking of the Kolmogorov scale symmetry
manifests itself through the composite operators which appear in the structure functions, as
described in section 3, and that the anomalies can be found directly from the nonlinear Green
functions to be introduced in the next section. Of course, if our calculation had been based on
the viscous zero-order quadratic form in (21), instead of the modified form in (26), then this
relation would not hold.

4.3. The fixed point

The equality of Z, and Zp, allows us to calculate the uv fixed point from the linear response
function alone as follows. We use the standard result [14]

3 9 -
B(g) = —gualogzg <1 +g£10glg> (132)

where Z, is the renormalization constant associated with the coupling constant. From the
definition Z, = go/g and (32), (35), (36) and (43), we get

Z,=2"
Inserting this result in (132), and substituting the expansion (69), leads to
B(g) =2¢°(1 +ang). (133)
Thus, (67), (68), (114) and (133) yield an uv fixed point given by
1 2
g*z—a=3—7~ (134)

We see that g, is, indeed, small, which verifies that the residual coupling associated with the
fluctuation of the dissipation can be treated as weak.
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5. The nonlinear response

Having established that an uv fixed point exists, we can proceed with the calculation of the
anomalous dimension y; of the general operator O,(x), which is required for the evaluation
of the anomaly t,,. To do this in the simplest possible way, we must identify a 1PI response
function which can be renormalized by means of Z,. Elimination of the logarithmic divergences
from such a function will then enable us to determine the constants in the expansion

Zo= 1 gl tog (2) + {3l 1og? () + ot voe () ]+ (135

so that we can calculate y, using (49).

Consider first the case s = 2. Obviously, the required function must involve O, (x), which
is the composite operator (31) associated with the longitudinal turbulence energy. In addition,
it must involve the dynamic response operator (11) in order to relate the anomaly 7, to the
dynamics of the turbulence. This suggests that we should consider how the turbulence energy
responds on average to a change in the forcing. Clearly, we can characterize the response of
the turbulence energy at a point X to a change in the forcing at two points x’ and X" by means
of the nonlinear Green function

52 £\2

G(Z)(A/ N A)_< - _ <U1(x) )> (136)
8fu(X")fp(x") 2

But the complexity of this object is such that its logarithmic divergences cannot be summed

using the renormalization group in terms of the Z; and Z, counterterms alone. On the other

hand, its average 522; (x) taken over the forcing separation ' —x”, which gives a mean response
to forcing at the centroid of the excitation points, can be, as we shall show shortly. Hence, its
corresponding 1PI function provides a direct means of obtaining the expansion (135) and so it
provides an adequate basis for the calculation of y;.

This 1PI function is obtained as follows. We start with the Fourier transform of (136), the
reduced form of which is given by

GOk, I, p) = @m)*s(k+1+ p)Gy k. D) (137)
where
GOk, 1) = Pa1 (k) Pg1 (1) Ga(k. D). (138)
Its corresponding 1PI response function follows from
3K
O k.1, p) = 2m)" (139)

St (k)Sup (1)812(— p)
with a reduced form given by
O k.1, p) = @n)*s(k +1+ p)OG) (k. 1) (140)
where

O (k, 1) = Pa1(k) P (1)OP (k. 1). (141)

A standard calculation [7] shows that it is related to ijs) by

0 k.1, p) = / Faa(@ 0 Tus(@. D) G2(G. 4. ) dg dg' (142)

from which, on making use of (137)-(141), we obtain

OV, Iy = —T k)T (G (k, ). (143)



Anomalous scaling in homogeneous isotropic turbulence 4415

Next, we average ijg) over the forcing separation to get
Gop(R) =2 f G (k. k) exp(2ik - £) Dk. (144)

This integral shows that the Fourier transform of Efﬂ) (X) depends only on the diagonal
components of the reduced function (138). It follows, therefore, from (143) and (144), that
the 1PI object which we need to consider, in order to determine Z5, is

O (k, k) = —T(k)*G(k, k).

Indeed, an application of (37), together with (73), shows that its bare and renormalized forms
are connected by

O (k, k) = 2,05 (k, k).

In this way, as we have indicated, we arrive at a function which can be renormalized using the
Z, counterterm alone.

The normalization condition for ©® (k, k) is again applied at the point k = s, and chosen
to be consistent with the tree level approximation in conformity with (135), which gives

O (i, m) = ©F (m, i) = —1 (145)
so that the 1- and 2-loop terms satisfy the normalization conditions
0P (i, m) = 0P (h, m) = 0. (146)

The diagrams which yield the new logarithmic divergences to 2-loop order, which are
associated with the composite operator, are shown in figure 5 for the case of @ffﬁ) (m, m),
which is related to ©@ (si1, i) by (141). An important new feature of these diagrams is the
appearance of the heavy dot vertex. This represents the O, composite operator vertex, which
is shown in figure 1(iv) for the general case of Os. A second difference from earlier diagrams
is that each external leg carrying one of the vector indices («, say) has a projector P,; (m)
associated with it, which is contracted with the vector index A of the leg of the NS vertex to
which it is attached, in accordance with (142).

We can understand how the diagrams shown in figure 5 arise from the loop expansion
of K by using the general procedure described in [17]. This depends on the fact that (136) is
a special case of the fourth-order correlation function of elementary fields defined by

“) Al AN A A i2 ~ cAINS ol A S
Baﬁya(x L X', X,2) = £} (va(x )Ug(xX )vy(x)vg(z))

in which the arguments X and Z coalesce. Hence, their Fourier transforms are related. In
particular, the connection between their respective 1PI functions is

O k.1, 1) = %/ Do (k. 1,171 — G, §)G10ft — §)G 1 (§) DG

where @ is the 1PI form corresponding to B, which is generated by
8*K
Sue (k)Su (1)1t (P)idiis (@)
This implies that the diagrams for @fjg) (m, m) are constructed from the diagrams for & by
tying the two dotted external legs of the latter to form the O, vertex.
The 1-loop diagram for @ézﬂ) (m, m) shown in figure 5(iv) is constructed from the tree level

diagram for @, which is shown opposite to it in figure 5(i). Similarly, the two 2-loop diagrams
for @ézﬂ) (m, m), shown in figures 5(v) and (vi), are constructed from the 1-loop diagrams for @,

Dupys(k, 1, p,§) = 2m)'°
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@ (iv)

(iii) (vi)

Figure 5. The 1PI Feynman diagrams evaluated in section 5 for the nonlinear response functions.

again shown opposite to them in figures 5(ii) and (iii). The other possible 2-loop diagrams for
@ffﬁ) (m, m), which arise from the two remaining 1-loop diagrams for &, are discarded because
the logarithmic divergences disappear, after integration over the solid angles. In addition,
vertex and propagator corrections to the tree level diagram 5(i) make no contribution to the
new divergences associated with the composite operator, as discussed further below.

Thus, the 1-loop diagram of figure 5(iv) contributes to @52) the term

Pur(m) Por ()6 i ) = [ DpDRGir(—s + 9)Gor (i = 5 0,a(h)

X Pyyo(m — p) Pysg(m + p) Pyr(m) Pgy (m) (147)
yielding

O (i, 1) = 3g1o()
where I is the integral (89). Using (79) and (88) we get a logarithmic divergence

foa A %
0P (s, 1ir) = —g log <Z) . (148)
The counterterm vertex shown in figure 2(iii) adds a term
— Pyt (m) Py (m)®" (11, iit) = — Py (m) Pyy (m) AZ,

so that by (135) its contribution to ®§2) is
0" (i, i) = —a® g log (ﬁ) . (149)
K

But, from the normalization condition (146), we have
0P i, m) = 0 (i, m) + O (7, i) = 0
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which, upon substituting (148) and (149), gives
a® =—1. (150)

At 2-loop order the diagrams in figures 5(v) and (vi) contribute the terms

Py1(m) Py (m)®F (1, 1) = — / Dp DG Qys(p) Qe (§)Gov(—iit + p)Gog(—iit — p)
XGei (=t + p+G)G1 (=1t — p — G) Py (m) P, (m)
XP@Ay(m - p)qu;LE(m +p)Pevp(m —P—q@QPs(Mm+p+q)
and
Py1(m) Py (m)®P" (1, 1it) = — / DpDG Qy(§) Qs:(§)Gop(—1ht + P) Gy (—1it +§)
XGei (=t +p — G)G 1 (=1t — p +G) Py (m) P, (M)
XP@Ay(m - P)qus(m +p)Pe,0t(m —p+q)Ps(m+p—q).
Evaluating these integrals following the procedure described in section 4, we get
OP (i, 1) = —2g> J3(e)
and
(0 SN )
O, (m, m) = 787 Ja(¢)

where J3 and J; are the integrals (126) and (127). Using (129) and (130), we obtain the
logarithmic divergences

9 5 1 %
O (i) = ¢ (2 — 2 1og2 )1 (—) 151
2 Gmym) = 28" 3 — clog2 Jlog(~ (151)

and

9 4 1 %
O i, i) = ~g* ( 5 + 5 log2 ) log (2. 152
2 (m,m) 28\ 3t 3log2)log{ (152)

To these we must add the 2-loop counterterm corresponding to (149), namely
0P (i, 1) = —a g* log (ﬁ) . (153)
K

But the normalization condition (146) gives
O (i, i) + 0P (i, i) + ©P" (7, i) = 0
which, after substituting (151)—(153), yields
a? =17.0. (154)

If vertex and propagator corrections are allowed for (which only affects diagram 5(iv) to
order gz), it is found that the pole at 2 = io () in the integral (147), which generates its
logarithmic divergence, is shifted by an amount

AQ = —o (T} ()

ar(p
Fi(ﬁz)=< a‘g’))h A
p=m

thereby introducing into the integrand an additional factor

1 — I (m). (155)

where
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However, this is exactly cancelled by the NS vertex correction. For, from the Ward identity
associated with the Galilean invariance [18], it follows that the change in the NS vertex at the
normalization point is given by

APyp,(m) = imy, Pyg(m)T] (1) (156)
so that the angular factor in (147) becomes
Py1(m) Pgi(m){1 + T\ (i)} (157)

Thus, no overall term of order g? is produced by the two corrections (155) and (157). It may be
noted, in passing, that the Ward identity (156) can be derived by functional differentiation of the
condition (165) for the invariance of W with respect to an infinitesimal Galilean transformation
given later in section 7.

The foregoing can be generalised to arbitrary s. In place of (139), we now consider the
general 1PI response function

(S‘H'IK
Sttg, (k1) . . . Sty (es)81s(— )

OY (ky, ..., ks, p) = (2m)*6*D

oq...0

with a reduced form defined by
O o ki ks, p) = Q)8+ + ks + )P (R1) - Pt (k)OO (k- ko).

ap...0

Then Z, can be found by eliminating the logarithmic divergences from the diagonal component
O (i, ..., M) as above. The relevant diagrams are again those shown in figures 5(iv)—(vi),
except that the heavy dot now symbolises the Oy vertex of figure 1(iv), so the s — 2 external
legs of Oy are not shown explicitly. Each diagram has a symmetry factor s (s — 1) /2. As this is
the only respect in which these diagrams differ from those just considered, we have the relation

sts—1)

) 0172.
However, this is an approximate result, because it is not valid for diagrams containing more
than 2-loops. But, as we discuss further below, it suffices for the calculation of low-order
exponents. Thus, we have now calculated all the numerical constants that we require for the
evaluation of ¢,.

ay’) = (158)

6. The scaling exponents

For n = 2, we have, from (53),

H=3+04
where, from (49), (54) and (135).
A, = —g*(afz) +a§2)g*). (159)

Substituting the numerical values calculated above, as given in (134), (150) and (154), we get
Ay =3 =0.0336

W =
which yields
& = 0.70.
For n = 3, we shall verify in section 8 that the known exact result
=1

holds.
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Figure 6. Comparison of the theoretical expression for ¢, (full line) with experimental data.

In the general case, for n > 3, we have from (64)
n
Cn == —Ty.

3
For even orders n = 2m, the anomaly is given by (65),

T, = Max Tp. (160)
)4
But, from (49), (63), (135), (158) and (159), we have

A
T ={p(p— 1)+ — p)n— p—1) = 2(m — p)[2(m — p) — 1]}72.

A simple calculation shows that the maximum value of this expression is attained by the two
terms in the series (58) with (a) p = m and (b) p = m — 1; which gives for (160)

T, =m@m — 1)A,. (161)
For odd orders, n = 2m + 1, the anomaly is given directly by (66), which yields

T, = m2A2
where we have again used (49), (135), (158) and (159).

The above results have been used to calculate ¢, up to n = 10. The results are shown
in figure 6, together with the experimental data taken from [19-23]. It can be seen that the
agreement is good up to about n = 7 and fair beyond, if we allow for the uncertainties in
the experimental data which begin to arise. In particular, it may be noted that the key values
& = 0.70 and {g = 1.8 are in good agreement with experimental data, the respective data
sets from [19-23] giving for ¢, the values (0.71, 0.70, 0.71, 0.70, 0.71) and for ¢ the values
(1.78,1.8,1.8,1.71, 1.71). The divergence of the experimental data at higher orders reflects
the fact that the experimental determination of ¢, is not yet fully satisfactory for the reasons
given in [23]. Hence, the good agreement between our calculations at higher values of n with
the particular data sets from [19-21] must be treated with caution, particularly as the expression
we have derived above is not applicable at large orders. This limitation stems from the fact
that the mean nonlinear response function, being an average over the forcing configuration,
does not represent the effect of multiple correlations with sufficient accuracy at large n. In
addition, the approximation (158), as we have noted, only holds up to 2-loop order. Indeed, it
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is evident from the foregoing that the overall approximation must fail when ng, ~ 1. However,
this occurs at roughly n = 20, which is well above the current limit of reliable experimental
data. Equally, the divergence of our theoretical values at higher values of n from the other two
data sets [22,23] could indicate that the accuracy of our low order approximation is already
beginning to deteriorate at around n ~ 10.

7. Elimination of sweeping

We now return to the question of the power and power x logarithmic divergences which,
up to this point, we have simply discarded on the grounds that they cancel when sweeping
convection is taken into account. The fact that power divergences arise when field-theoretic
methods are applied to turbulence, using an Eulerian approach, was noticed originally in [24].
Their origin was subsequently identified as being due to the kinematic effect of the sweeping
of small eddies by large eddies, having an almost uniform velocity [25,26]. The remedy
was to change from an Eulerian to a Lagrangian description, but this greatly complicates the
subsequent analysis [27]. However, it has been shown that the elimination of sweeping can
be accomplished more simply by transforming to a frame moving with the local velocity of
the large-scale eddies at some chosen reference point, [28,29]. We shall show that a similar
approach can be used to eliminate the power and power x logarithmic divergences within
the present framework. In this way, we shall demonstrate that, although we have started out
from an Eulerian formulation, we ultimately obtain quasi-Lagrangian approximations for the
renormalized functions.

The problem, therefore, is to find a sweeping interaction term, AL, which cancels
the effect of sweeping convection. To this end, let us begin by including in the NS
equations (4) a uniform convection U. Then, in the second term of (26), F(lz, v) is replaced
by F(IG, v) —ik - U'v(lg), so that W contains the additional term

exp{fk-Uﬁ(—/E) -v(/E)DIQ}.

Let us assume further that U is a random variable having a Gaussian distribution
ocexp(—U?/2U¢). This permits us to average W over U, the result being the addition to
L of an interaction term given by

U? R R
ALU=—7‘) 1-mo(n) - v(—m) o) - v(—I) DI Dt (162)

where, as above, the variables v and v refer to the moving frame. Note that ALy, like L, is
Galilean invariant because it entails only gradients of the velocity field.

We show next that a term of this form, with the appropriate value of U2, generates all
power divergences arising from the sweeping convection associated with L(v, v). Thus, a
term of the form (162), with this specific value of U2, but of opposite sign, provides the means
to satisfy the condition that convection makes no contribution to the underlying probability
distribution in the moving frame, leading, at the fixed point, to a precise form for A L, as given
below in (164). The result is a generating functional which isolates the straining interactions
that determine the scaling exponents from the background of sweeping convection.

To represent diagrammatically the additional terms which arise in the loop expansion
of W, after the inclusion of the sweeping interaction term, we need to introduce a new 4-leg
‘sweeping’ vertex of the type shown in figure 7(i). The two wavevectors [ and /i in (162)
enter this vertex along its continuous legs and leave along the dotted legs. A pair of legs
carrying a particular wavevector must also carry the same vector index to represent the scalar
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Figure 7. (i) The ‘sweeping’ vertex; (ii) the 1-loop ‘sweeping’ Feynman diagram for the linear
response function evaluated in section 7.

product. Free wavevectors in a diagram containing one or more of these sweeping vertices are
identified, as previously, by overall wavenumber conservation, together with conservation at
any NS vertex. Each sweeping vertex then contributes a factor Ugl - m, where | and m are
the two wavevectors which enter the vertex along its two continuous legs. In all other respects
the diagrams are to be interpreted in accordance with the rules given in section 4.

Consider now the set of diagrams, containing only NS vertices, which are associated
with a particular Green function or velocity correlator, G, say. Let Cns denote any such
diagram contributing to G. We shall show that it is possible to generate all power and power x
logarithmic divergences of any Cns from a single sweeping interaction of the form (162). Let
Cy denote any diagram containing at least one sweeping vertex. If Cy contains no NS vertices
at all, then it will only generate power divergences. But if it contains at least one NS vertex,
it will also generate power x logarithmic divergences. The following topological argument
demonstrates that the power divergences of Cns can be put into 1-1 correspondence with the
Cy diagrams relating to G.

Each factor 7 (k) (or, equivalently, £~!) in a power divergence of Cys arises because it
is possible for a soft wavevector g to flow through a particular velocity correlator without
flowing through the active legs of the two NS vertices which it connects, as already discussed
in section 4. This situation can be represented diagrammatically by contracting the correlator
into a 4-leg vertex formed by merging the two NS vertices which it links, whilst leaving the hard
lines in tact. This can be demonstrated as follows. First, the new vertex must consist of two
in-coming full lines which carry hard wavevectors, [ and m (say), and two outgoing dotted
lines along which they leave. This is because two full legs disappear from the merged NS
vertices and wavevectors leave NS vertices along the dotted leg. Furthermore, after integrating
over the directions of the soft wavevector g, the two merged NS vertices generate, through
contraction of the projectors, a factor proportional to the scalar product of the in-coming hard
lines, I - m, while the two legs of a pair carrying the same wavevector acquire the same vector
index. The final integration over the wavenumbers then produces the constant

o0
3
e | 1TP@r@dg=ZgTion”
So, such a vertex must, in fact, be of the sweeping convection type (162), with a coefficient
given by
U; = 3gt(k)’ (163)
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which relates the rms value of the convection velocity to the strength of the nonlinear interaction.
Note that Uj is scale dependent, as it depends on the renormalization scale u through g and v,
and, hence, it differs according to the fluctuation scale on which the RG focuses. In physical
terms, this reflects the fact that the rms convection velocity depends on the scale selected.
Changing the renormalization scale does not, of course, affect the Galilean invariance. When
the fixed point is reached, in the limit 4 — o0, corresponding to scale invariance, Uy has the
specific value which is obtained by substituting the fixed point values in (163). In general, as
discussed below, the application of an arbitrary infinitesimal Galilean transformation leads to
the turbulence Ward identities.

Clearly, if a subset of correlators of Cys, each of which carries a soft wavenumber,
is contracted into such 4-leg vertices, in a manner which allows hard wavevectors to flow
through Cys, then the result is a diagram which is identical to one of the Cy diagrams.
Moreover, it is clear that there are always exactly as many ways to contract the correlators
in Cys as there are different Cy diagrams and that their symmetry factors must match. This
argument demonstrates, therefore, the important point that the power and power x logarithmic
divergences generated by the NS vertex must arise on account of the background of kinematic
sweeping effects. Moreover, we also see that, in order to cancel them, it is only necessary to
introduce a sweeping interaction term into W of opposite sign to the one from which they can
be generated, which, according to (162) and (163) yields the sweeping interaction term

3 o3
AL =25

c=-" | 1 -maGh) - v(=m) () - v(—I) DI D (164)
47 (k)

The insertion of ALg into W corresponds, then, to working in a frame moving with the local
velocity of the large scale eddies, as given by (163), with AL cancelling all the contributions
of L to the probability that are associated with sweeping convection. Thus, the sweeping vertex
shown in figure 7(i) is taken to represent the algebraic factor

Vertex 7(1) = —3gr(k)v° 1 - m.

Having inserted (164) into W one is then left with only the pure logarithmic divergences
generated by the NS vertex, which, as we have shown, can be summed using the RG.

Given that L, ALy and O, and the measure of integration in W are invariant under a
Galilean transformation, the only variation to W under the transformation comes from the
source term. In particular, following standard symmetry arguments [7], the requirement for
invariance under an infinitesimal transformation v — v +48V and x — x — 6 V't provides the
generating equation for the turbulence Ward identities, as derived in [18], namely

ulid v/dA tJ5(%) o 9 + L, tW=0 (165)
= X 3— X = (X =
5Ve P axe 875(%)

from which relations such as (156) can be derived by functional differentiation with respect to
the source fields .J and J.

We now illustrate the foregoing by verifying to 2-loop order that I" (k) contains no power
divergences when the contributions from both the NS and the sweeping vertices are included.
In section 4, we derived the power divergences that are generated by the NS vertex in the case
of F(lg). At 1-loop order they arise from diagram 3(i), for which (88) and (90) yield, at the
normalization point,

3 1K)

') (diagram 3(i)) = Egr(,u)z'

(166)
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Figure 8. The 2-loop ‘sweeping’ Feynman diagrams for the linear response function evaluated in
section 7.

At 2-loop order they arise from diagrams 3(iii) and (iv). In the first case, (103), (105) and (106)
yield

r, (di 3(iii)) = — g (1,51 4 (167)
agram =————1—+-—+—-loge
2hag t 4t(u) |2 2¢ ¢ &
while, in the second case, (108), (110) and (111) give
, , 9 g2 (1 2 4
['; (diagram 3(iv)) = ———— {— + — + —loge} . (168)
4t(u) |2 e ¢

On the other hand, the sweeping vertex makes the following contributions to (k). At
1-loop order, the Feynman rules applied to the sweeping vertex yield the single diagram of
figure 7(ii), as we anticipate from the fact that the NS vertices in figure 3(i) can be merged in
only one way. In this case, a trivial calculation yields

I} (diagram 7(ii)) = —%g%:))z
which cancels (166), as required.

At2-loop order, the sweeping diagrams corresponding to diagrams 3(iii) and (iv) are shown
in figure 8. Explicit verification that there are no power or power x logarithmic divergences in
F(l@) at 2-loop order is less trivial. Consider first diagram (iv) of figure 3. For this diagram
the corresponding sweeping diagrams are diagrams (i)—(iii) of figure 8. This follows from
the Feynman rules and can be checked from diagram (iv) of figure 3. by first contracting its
correlators individually and then together. By applying the Feynman rules to diagram (i) of
figure 8, we obtain, at the normalization point,

Pog(m)T, (diagram 8(i)) = 3 g7 (x)v° / p - (k — p) Pioy(m) Pryg(m — p)
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X va(ﬁ)Gak(’/h)Gau(”h - ﬁ)Gm("A? - ﬁ)Dﬁ

We can evaluate this integral using the method described in section 4. This gives

9 g2 1 (™ d
I'; (diagram 8(i)) = - / al
&€

dr(wye ), x2(x+1)2

9 ¢ (1 2 1
. N —+—loge+—¢.

4t(u) |2 € &

Diagram (ii) of figure 8 yields the same value
I, (diagram 8(ii)) = I'; (diagram 8(i)).
Finally, evaluation of the diagram(iii) of figure 8 is trivial and yields

g o 9 g 1
I'; (diagram 8(iii)) = ~1 TG0 o
Evidently, the sum of these three diagrams cancels (168) exactly.

Similarly, we can show that the sweeping vertex eliminates the power divergences arising
from the second 2-loop diagram, shown in figure 3(iii). In this case, the corresponding diagrams
generated by the sweeping vertex are diagrams (iv), (vi) of figure 8 which contribute the terms

. . 9 ¢2 (1 1
I, (diagram 8(iv)) = — — + —loge

4t(n) |2 ¢
. 9 g% 1
I, (diagram 8(v)) = ~1 rfu) 2

and

9 g> (1 3 51

I, (diagram 8(vi)) = -5 1 = 4+ Zloge+ 2~} .
4r(un) |2 € 2¢

Again, their sum exactly cancels (167). We have thereby verified to 2-loop order that the

sweeping vertex eliminates power divergences generated by the NS vertex from the linear

response function.

8. The Kolmogorov approximation

The fact that it has been possible to calculate the anomalies successfully by means of
perturbation theory stems, in part, from the incorporation of the Kolmogorov theory into
the zero order approximation. As we have seen, this has been done by replacing the actual
viscous quadratic form in W, arising from the NS equations, by a modified quadratic form,
characterised by an effective random stirring force spectrum D (k) and the effective timescale
7(k). We now demonstrate that these two functions can be deduced self-consistently as part
of the calculation and confirm that that they do have the inertial range forms given in (28)
and (29).

To determine these functions, we need two conditions. As in [10], one condition is
supplied by evaluating the energy equation to 1-loop order, which gives the convergent DIA
form, corresponding to the so-called line renormalization [27]. In the inertial range, it reduces
to the condition that the energy flux across wavenumbers I1g (k) is independent of k and equal
to the mean dissipation rate €:

Mgk) = €.
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Thus, evaluation of g (k) to 1-loop order gives the well known result [27]

Me(k) = /k T(p)dp

where
’;
_ 2 pqr
Tp) =sr /fA T B P RIS
x{b(p,q,r)Qr)(Q(q) — Q(p) +b(p,r,q) Q(g)(Q(r) — Q(p)}. (169)

Here A indicates integration over the region of the p, ¢ plane in which p, g, r can form a
triangle and

(pz +q2 _ r2)3 P4 (p2 - q2)2

8piq? 4p2r?

The second condition must be deduced from the linear response function. This is where
difficulties have arisen with this approach in the past, when using an Eulerian framework,
because of the ir divergences arising from sweeping. On the other hand, it is known that no
divergence problems arise from sweeping convection in the case of the energy equation [27].
However, we have just shown how these power divergences can be systematically removed
from the response function (and, indeed, all such functions) by means of a random Galilean
transformation of the velocity field. This leaves the logarithmic divergences which, as we
have seen, are to be eliminated from F(IG) using the Z, counterterm. Recall that to fix the
finite part of F(I%), after this renormalization, we imposed the normalization condition (75)
which specifies that its tree level term should be exact at the normalization scale . Thus, after
eliminating sweeping convection, as described in section 7, and using the 1-loop normalization
condition (75) to eliminate the logarithmic divergences, we obtain, at an arbitrary wavevector
k (with w = 0), the renormalized linear response function

W)’ =Kk’ /‘” P’t(p)*D(p)dp
6rnt()r(w)  Jo () +1(p) () +7(p))
ST - R /°° p’t(p)D(p)dp
67> o @@ +T(P) (T +T(p)
It is precisely the condition that this expression should, indeed, yield a finite renormalized
value which provides the required second relation, as we now explain.

In the inertial range limit, we seek scaling solutions with 7(k) o« k=% and Q(k) o k°,
in which case D (k) = 2t (k)~'Q (k) o k“**. Now standard dimensional analysis shows that
for (169) to hold in these circumstances, we must have a +2b = —8, [27]. Furthermore, if this
scaling solution were to produce a non-renormalizable divergence in the response function, it
would arise in the second term of (170), since we can assume that a > 0. To prevent this from
occurring, the coefficient of the integral must be zero, which requires

(k) 2/3
“r[(p,) - (E)

b(p,q,r) =

['(k,0)=tk) '+

(170)

k

giving a = 2/3, and, hence, b = —11/3, so that a + b = —3. Thus, these relations do, in fact,
yield the solution (28) and (29), which we may conveniently re-write as

(k)~! = Be'PK?? (171)
and

Dk) = —~&23k3, (172)
27
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Therefore, the energy spectrum function
E(k) = 4nk*Q (k) = 2nk*D (k)T (k)
takes the Kolmogorov inertial range form
E(k) = ae?Pk3
and the integral in the third term of (170) is, indeed, finite and yields

_1 k
I'k,0) =1t(k) {1 —glog (;)} .

For present purposes, explicit evaluation of the two constants is unnecessary, since they
ultimately disappear from the calculation of the exponents, because they only occur through
the coupling constant which, as we have seen, is eventually evaluated in terms of its fixed point
value.

Next, we comment briefly on the effect of allowing for the perturbation terms (27) which
give the difference between the modified quadratic form and the original viscous form. As
in [10], we can treat these terms as being of nominal order g. Their effect is, firstly, to
re-introduce into F(/%) the viscous timescale t, (k) which was replaced by 7y(k). Secondly,
and more significantly, new divergences appear. However, it is not difficult to show that the
divergent terms which are independent of / (k) and V sum exactly to the amount cancelled by
the counterterms, as would be expected. In the inertial range limit v — 0, this leaves the term
arising from h(k), which is given by

K[ pPh(p)dp
tk) Jo Ty +T(p)t

Given that the actual stirring force spectrum function 4 (k) has remained arbitrary, subject only
to the condition that it yields a finite input power given by

Al =

oo
471/ p’h(p)dp =€
0

it is clear that the above integral for AT" must be finite.

Thus, the role of these perturbation terms is not critical as regards calculating the
anomalous exponents, provided that the the spectrum of the stirring forces is non-zero only at
small k, as it should be. However, what we find is that, although forced at large scales, the
above solution behaves in the inertial range as if the fluid were stirred with a force spectral
function ock=3. In this context, it is interesting to note that, in a study of the randomly
forced NS equations by a stochastic force with zero mean and variance ock > [30], evidence of
multiscaling of the structure functions has been found. In particular, the results obtained for the
ratios ¢, /¢, with the k=3 spectrum have been shown to agree with the values computed from the
NS equations forced at large scales. This, of course, is exactly what one might expect from the
above approximation. The present results are also consistent with the numerical calculations
in [31], which suggest the scaling ;. (k) o« k=2/3, as in (171), for the Lagrangian micro-
timescale, as opposed to the scaling 75 (k) oc k= for the Eulerian micro-timescale, evidence
for which has also been presented in [32]. As we have seen, the reason why the Lagrangian
timescale applies in the present calculation is because we have eliminated sweeping by referring
the velocity field to a frame moving with the local velocity of the large scale eddies which
prevail at any chosen scale. This extracts the straining interactions, which shape the spectrum,
from the background of convection, to yield quasi-Lagrangian approximations.

In a sense, this derivation of the Kolmogorov quadratic form is analogous to a multiple
timescale expansion in nonlinear wave theory, where part of the nonlinear behaviour is
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incorporated into the linear approximation, e.g. via a slowly changing wave amplitude, the
variation of which is then determined from the nonlinear interaction by requiring the absence of
secular terms in the higher order approximation. Here there is a similar solvability requirement
which demands the absence of non-renormalizable terms, thereby determining the nonlinear
behaviour of the modified quadratic form.

An integral part of the Kolmogorov theory is the exact result that in the inertial range limit

S3(r) = —%er (173)

[5]. So we conclude this section by verifying that this result follows from the present treatment.
Using standard symmetry relations, we can express S3(7) in terms of the longitudinal
component of the equal time triple velocity correlator

Bupy (®) = (02 (0)v5(0)v, ()
giving

S3(r) = 6B411(r, 0, 0). (174)
Now the general form of the Fourier transform of B,g, must be

Bogy (k) = 1F (k) Pyop (k)

and so F (k) can be expressed in terms of the transfer spectrum 7 (k) by

2
F(k) = 7]:—4T(k)

while T (k) is given to 1-loop order by (169). Substituting these results in (174) gives

. T (k) ki .
S3(r) = 12im Tkl 11— 2 exp(ik;r) Dk.

This integral can be expanded in powers of r the lowest-order term giving

T (k) k2
S5(r) = —12n2r/ ka (1 — k-i) Dk.

After integrating over the solid angle, we get

oo
S3(r) = —r% f T (k) dk.
K
This latter integral is, of course, the transport power g (k), which is a finite quantity at 1-loop
order and equal to the mean dissipation rate, as indicated in above, and, hence, we recover (173).
The correlation function Bj;; () also has an important role in the derivation of the OPEs
required for the structure functions with higher odd orders, as we shall see shortly.

9. Derivation of the OPEs

We give finally the derivation of the dominant terms of the OPEs which we have used in
section 3 to obtain the structure function expansions relative to the moving frame. We deal
first with the expansions required for the higher order structure functions with orders n > 3.
These can be obtained using the technique described in [33]. We defer discussion of the
particular case n = 2 until last, because it requires a different approach for the reasons given
in section 3.
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We begin by considering the OPE of the general product, defined in (55), as it appears in

the expansion (56) for S, (r), taking first the case of even ordersn = 2m, withp =0, 1, ..., m,
namely
vy TP

o= =t
where, as previously, vy = vi(x £7/2, y, z, 1), and we have used the definition (31), which
applies in the moving frame. Let us consider the effect of inserting A,_, , into a correlation
function containing an arbitrary set of elementary fields vy, (X), .. ., vy, (X;), as in (40). Then,
following the approach of [33], we can derive the dominant terms which we have used in
section 3 by considering how many of the v, fields can be paired with a v_ field to form
products of lower-order correlation functions.
Consider the case p = m, i.e.

<U0t| (-XAI) o vOl[(-xAl)Am,m(),ev r))

Here each v, can be paired with a v_ to yield a product term

((vev2)") Ve, B1) - - - vey (1) (175)

which corresponds to the presence of a unit operator term in the OPE, [33]. If, instead, we
only select m — 1 pairs of v,v_ products, we obtain a term of the type

m—1 ~ ~ l)_%_
2((v+v,) )<v(,,l (X1) ... vg, (X)) <7>> .

Now, in the limit as r — 0, vf /2 behaves like an insertion of O,(%x) into the correlation
function of elementary fields [33]. Hence, this product tends to

2(v:0-)" " (Ve B1) - - vy R 02())- (176)

But the averages of powers of v,v_ simply yield non-stochastic functions of r, which we
shall denote generically by Cy(r), C»(r), ..., as appropriate. Thus, from (175) and (176), we
obtain, in the limit as r — 0,

(Uou (561) <o Uy (-)el)Am,m(xA, V)) = (Um (fl) e Vg, (f[)[co(r) + Cz(r)oz(f) 4o ])
Since the elementary fields are arbitrary, it follows that we have an OPE of the form
Apm(X, 1) = Co(r)I + Ca(r) O2(X) + -+ .

The point about expansions of this type is that the operators of increasing complexity do,
indeed, produce subdominant terms in the expansion of S, (r). Here, for example, the unit
operator term, as we have shown, produces the dominant scaling with anomalous exponent
given by (161), whereas the quadratic term can be readily shown to give the smaller exponent
T, = [m(m — 1) — 1]A,, and, hence, is subdominant, while further terms in the expansion
would produce even greater reductions.

A similar argument applies when p = m — 1. In this case, however, we cannot pair every
v, with a v_. Therefore, the unit operator term cannot appear in the OPE for A, ,—1. If,
however, we pair every v_ with a v, then the remaining v? pairs with the elementary fields
and, in the limit as » — 0, again appears as an O;(X) insertion. In this case, therefore, the
OPE starts with O, (%) to give

Amiim—1(X, 1) = Co(r) O2(X) + - - -

By continuing with this argument, we see that the dominant term of the OPE for the general
case of A,_,, , must take the form given in (57).
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Consider next odd orders, n = 2m + 1. When p = m, we have a term of the form

(viw) ((erv,)m)(vo,1 (X1) ... vy ()2;))

which, again, corresponds to the presence of a unit operator term, which is, thus, the dominant
term of the OPE, giving

Am+l,m(£v r)y=Co(r)I +---.

When p = m — 1, by pairing each v_ with a v,, we obtain a term of the form

()™ Yot () v )03).

In the limit as » — 0, v? appears as an insertion of the cubic operator O5(%), so that here the
OPE takes the form

Amsam—1 (X, 1) = C3(r) O3(%) + - - -
Continuing this process, we get for the next OPE
Am+3,m72(£v V) = CS(V)OS(X) +e

and so on.

In fact, however, the only term which contributes to S, (r) for odd n is the unit operator
term of A1, because (02s+1 ()2)) = 0, for any integer s, in the case of homogeneous isotropic
turbulence. The latter well known result follows from W by virtue of the fact that the relevant
Feynman diagrams contain an odd number of NS vertices, one composite operator vertex and
no external legs, so that any such diagram gives zero on integrating over the solid angles,
because the NS vertex is an odd function of k, whilst other factors are even. For example,
in the case of O3(%), its lowest order term is given by the 2-loop diagram shown in figure 9,
which contains one NS vertex and the O3 vertex and has a symmetry factor of 1/2. Hence, it
yields a contribution to (O3(%)) given by

. ! A A N T
{0s(0) = 3 / Pogy (L+mm) Py (1) Py (m) G (I +m) Qp (1) @y (i) DI D
Substituting the zero-order correlator (78) and propagator (81), we get
N i
(03(x)> =5 / Pig, (L +m)Pig(l) Pr,y (m)D()D(m)I (I, m) DIDm  (177)

where
I 1 dQd’
¢, m) = (2m)? / [QZ2+0D2][Q?+0(m) 1L+ Q) +o (|l + m])]
1
- 4o (Do m)o(l) +o(m)+o(l+m|)]’

Clearly, the integrand in (177) changes sign under the transformation (I, m) — (-1, —m),
because all factors are even except for Pjg, (I + m), which changes sign. It follows that the
integral is zero.

In the particular case of v,v_, we can establish the form of its OPE by using an expansion
in the Fourier domain, in which the wavenumber ¢, corresponding to the separation r, tends
to infinity, as described, for instance, in [7,8]. To this end, we start by considering the general
correlation function

Haﬂ)»u (-)ela £2|XA/, £//) = (Uoz ()?l)vﬂ ()C’\Z)U)L ()2/) Uy ()CA//)>
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Figure 9. The 2-loop Feynman diagram for (03 ()?)).

() (ii)

kA f,u kA D, o
N k+pr+s 4 N kepes ¥
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A N A :
B po pLB Lu

(iii)

Figure 10. The 1-loop Feynman diagrams for the correlation functions evaluated in section 9 in
connection with the OPEs.

for the case in which %’ and X” tend to a common point x, well separated from x; and X,. For
simplicity of presentation here, we have included only two arbitrary fields v, (X1) and vg(X2).
Denote its Fourier transform by

Haﬂ)»p, (ﬁv 13/ |]27 ]2/) = (Ua (ﬁ) vg (13/) Uy (]2) Uy (i(\/)>
= Qu)*8(p+ P +k+k"YHupr (P, P'lk, &) (178)
Then, in terms of the reduced correlation function, we can write

. p+p ﬁ+ﬁ/)

Haﬂ)\p,(),C\h £2|XA/, i”) = /Dﬁ Dﬁ, DC} ﬁaﬁAﬂ <l’57 ﬁ, ) »—q )

o ) x’\/+xf\// . R ),C\,+)/C\” . N o
xexpiyip- [ x1 — 5 +1p - | X2 — 5 +1q-(x —x) . (179)

q—
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When the arguments in (178) coalesce to the common point X, we obtain the correlation
function

Quprn(R1., £21%) = (ve (£1) vp (£2) w2 (£) vy, (%))
with Fourier transform
Quprn (- P'19) = (va () vp (B') (Wavy) (4))
= Q) 8(p+ p'+q) Qupru (P P'1)-

Thus, corresponding to (179), we have
Quprp (X1, X2]%) = /Dﬁ Dp' Quprn(p, p'l — p— pexp{ip- (£ — %) +ip- (£ — %)} .

Let Weg, (P, 13’|I€, k') and Baprn(D, P'1q) be the 1PI functions associated with the
connected parts of Hyg,.(p, p’ lk, k') and Q(p, p'|4). We consider the specific vertex shown
in figure 10, the treatment of the other three vertex functions associated with (178) being
similar. Denoting the connected part by superscript ¢, we have, as in section 5,

Hyg, (P Pk k) = =Gaw () Gppr (B') Goo ()G K'Y War gy (B 1K K (180)
and
050, (P. P13) = —Gaw (P)Gppr (P B (B P'14)- (181)

According to the standard procedure [7, 8], the behaviour of the correlation function
Hep (X1, X2|%, X) as a function of X" — £”, when %" and X" both tend to a common value X,
can be deduced from the behaviour of Wyp,,. (P, P'l¢ — (P + p')/2,—¢ — (p + P')/2), in
the limit as § — oo, which is, indeed, apparent from (179) and (180). Now, the diagrams
which contribute to this 1PI correlation function are diagram (i) of figure 9, together with its
permutation (p, o) <> (p’, B), and diagram (ii). However, it is easy to see from these diagrams
that, as § — oo, diagram (ii) yields a contribution which is smaller than that from diagram (i)
by a factor Q,,(§) ~ ¢~''/3. So to derive the dominant term, we need to focus on diagram (i)
and its permutation. The corresponding diagrams for Ep,, (P, p'| — p — p’) are diagram (iii)
of figure 9 plus its permutation A <> 4.

Evaluation of these diagrams using the Feynman rules is straightforward and yields

. PP _é_ﬁ+13/)

“paﬂkﬂ <[3» ﬁ,

1= 2
= / Py, (q - 228 ) Puey (—q - ’”Tp) Payo (9) Paus (@)
<0y () Q1o (P — §) Qe + )0y (@ WP +§) D8 + (P o) + (5. B)
and
B (b ) — p— ) = — / Py (9) Pyus (@) Qs () Qo (p — §) 0 (5 +5) Ds

+(A < ).

Hence, for large ¢, we obtain from the last two equations the relation
. | PP . PP
Weprn | P> P 7 4T

q—
= P)»ép(q)P,urr](q)Qpr(é)aaﬂén(ﬁ7 ]3/| - 13 - ]3/)
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Combining this with (180) and (181) yields the approximation
(© ~ | PP L D]
Haﬂku(p’p/q_ 7 s 4 — 2
where, to this order,
o a2
Couen(@) = Pigp(@) Purn(@) |G| Qe (). (183)

To obtain the required expansion for v,v_, we must take the inverse Fourier transform
of (182) for the particular case A = u = 1 with

) = Couen(@ O, (. 1 — P — P (182)

r

f:(x+£yzt) and i":(x——yzt)
2’ 9 b 27 L .

The coefficient Cj ¢, (X" — X”) then depends only upon r and, according to (183), it must have
the form

qdy (a3 + q3) :
Crign(r) = f %F(q) exp(—ig1r) Dg

where F(q) is a function only of the wavenumber g. It is clear from this integral that Cy¢y,
must be diagonal in the indices &, 1, and have equal transverse components: Cij2p = Cjy33.

We now define QL;) (X1, X2]X) to be the connected correlation function formed from the
elementary fields v, (%;) and vg(X,), with the insertion of the longitudinal energy operator
0,(x), ie it is the particular case of (42) with s = 2 and [ = 2. Then

A A A L), A~ A A
Qéc,ﬁn(xl, B0|x) = ZQ;ﬂ)(xl, Xa|%).
Similarly, we define QL? (X1, X2|%) to be the correlation function with v, (X1) and vg(%,), and
the insertion of the transverse energy operator
T),~
O; ‘(%) = %(v% + v%)
Thus, we have
© (s ain © 2 218 =200 (5 15
Qs (X1, X2|X) + Q33 (X1, X2]X) = 20,4 (X1, X2]X).
Finally, we define longitudinal and transverse coefficients by writing
Ca(r) = 2C1n(r)
and
Co(r) =2C1122(r) = 2C1133(r).

Using these definitions, and taking into account the diagonality of C¢,, enables us to express
the inverse Fourier transform of (182), for the case A = u = 1, as

Hg\ (R, 8%, 1) = Co(n) Q) (B, £a1%) + C5 (1) QG (B, £al%)
which, in the limit as r — 0, leads to
(e (F1)Vp(R)vs0-) = <va<£l>vﬁ(£z> [? +Ca(r) 05(R) + C2(r) 07 (3) + - ]> :
Since the fields v, (X1) and vg(X;) are arbitrary, we may conclude that

VeV = gl +Co(r) O (X)) +---.

Note that we have discarded the transverse operator because it is subdominant. This follows
immediately from the analysis of section 5. For example, in the case of OZ(T), when we

calculate the corresponding value of the constant afz), as defined in (135), we get twice the
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value given in (150) for the longitudinal operator O, (X), because, by isotropy, each of the two
transverse components of 0§T) (x) contributes an amount equal to the value obtained for O(X)
and, hence, the right hand side of (159) then yields an anomalous exponent of 2A,, indicating
that OET) (x) makes a subdominant contribution to S,(r). Thus, we have shown, to within the
order g2 of the calculation, that the dominant term of the OPE for v,v_ has the form given
in (39).

10. Summary and discussion

The fact that it has been possible to demonstrate multiscaling and calculate anomalous
exponents successfully from the generating functional by means of perturbation theory,
notwithstanding the strong nonlinearity of the NS equations, is attributable to several factors.
These include: (1) the use of a modified quadratic form, which is derived self-consistently
from the NS nonlinearity; (2) the incorporation in the generating functional of the composite
operators which appear in the definition of the general structure function; (3) the application of
OPE:s to derive corrections to the Kolmogorov exponents in terms of the anomalous dimensions
of these operators; (4) the identification of a class of irreducible Green functions containing
insertions of these operators, which facilitate the calculation of their anomalous dimensions;
(5) the elimination of sweeping convection effects using a random Galilean transformation of
the velocity field; and, finally, (6) the deduction of the inertial range scaling using an uv fixed
point of the RG to achieve the required small wavenumber limit. Let us now consider how each
of these factors contributes to overcoming the obstacles encountered in previous applications
of the RG.

The use of the modified quadratic form is an important element in the success of our
calculation, because it provides an accurate initial approximation, which yields the Kolmogorov
distribution in the inertial range limit. By contrast, in the early work which employed a
field theoretic RG [34], and in subsequent developments of it [35-37], including equivalent
formulations based on [38], reviewed recently in [39], the zero-order approximation is based
solely on on the linear terms of the NS equations, as in a conventional field theory calculation.
Because this is a poor approximation for turbulence, it does not result in a genuine weak
expansion parameter. For example, in the previous applications of RG techniques based on
an expansion in the force spectrum exponent (i.e. the e-expansion), in which the expansion
about € = 0 is extrapolated to ¢ = 4, the value of the coupling constant is not small, at
the ir fixed point which is used. Therefore, the accuracy of the expansion is uncontrolled.
Indeed, according to [40], it may even be uncontrolled when € « 1, and there are problems in
establishing its radius of convergence and the value of € at which long range driving becomes
technically irrelevant [41].

However, our expansion is of a different nature. First, we do not use an e-expansion.
Actually, there is no force power spectrum in our calculation as such. As we showed, the force
spectrum /4 (k) remains in the calculation as an arbitrary function, subject only to the requirment
that it yields a finite input power. What the modified quadratic form provides, however, is an
apparent force power spectrum D(k), but its exponent is fixed by the solution (172), and,
thus, cannot be varied. Second, we do not use an ir fixed point, because we are interested in
taking the short wavelength limit, for which purpose we require an uv fixed point. Together,
these differences result in a genuinely small coupling constant g, which is about 1/20 at the
fixed point, as shown in section 4. Hence, our expansion is inherently more accurate than the
e-expansion. In fact, given that our calculation is carried out to 2-loop order, its errors are
controlled at g3 ~ 10™*. Another significant consequence of using the modified quadratic
form is that no convergence problems are encountered in the v region. This, together with the
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fact that we do not use an e-expansion or an ir fixed point, means that none of the ingredients
which cause marginality by power counting in previous applications of the RG [40], are present
in our approach.

On the other hand, there is a similar problem to be faced in the present calculation.
Any fully renormalized theory of turbulence must contain an infinite number of renormalized
functions because it must be equivalent to the hierarchy of equations for the cumulants.
This equivalence has been demonstrated recently [42]. In fact, each cumulant will have a
representation as a expansion in terms of irreducible renormalized functions. Thus, one has
an infinite set of vertex functions to contend with. Now, when any one of these irreducible
functions is calculated in perturbation theory using the modified quadratic form, the overall
logarithmic divergence will remain, after sweeping divergences have been eliminated. So the
problem in the present approach amounts to the resummation of these logarithms. However,
we showed in section 5 that this difficulty could be overcome, in relation to multiscaling, by
identifying the infinite sub-class of functions which yields the desired information relating to
anomalous exponents while being, at the same time, amenable to resummation using the
RG. The irreducible inserted nonlinear Green functions defined in section 5 satisfy both
requirements. Being fully irreducible they give full n-point correlations. However, as we
have seen, to render them tractable, it was expedient to obtain a mean response to forcing at
the centroid of the excitation points. This averaging thus constitutes a closure approximation.
Although this type of closure approximation permits considerable progress to be made with
the calculation of the exponents, the averaging process limits its applicability to relatively low
orders, n < 10, because the multiple correlations between the apparent forcing at different
space—time points are not then approximated accurately enough at higher orders. Thus, a
different approximation would be required to obtain the asymptotic scaling at large orders and
it remains for future work to discover a suitable approach.
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